Key points of this lecture

Global model checking algorithm, recursive on state sub-
formulas (i.e. bottom-up on the parse tree).

Satisfaction set characterisations of CTL formulas in existential
normal form.

Dedicated algorithms for CTL formulas in existential normal form,
which exploit the satisfaction set characterisations.

The complexity of CTL model checking is polynomial in the size
of the transition system and the CTL formula.



Lecture 03 - Model Checking CTL

® Formal semantics and naive algorithms

® Existential normal form CTL (ECTL)

® (Global model checking algorithm

® Satisfaction sets characterisation of ECTL
e MC algorithms for basic cases

e MC algorithms for EU

e MC algorithms for EG

® Overall complexity
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Intuition of “next” operator
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Intuition of “eventually”™ and “always” operators
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Intuition of the “Until” operator




CTL - formal semantics

We define the formal semantics of CTL as 2 relations.

A relation between states and state formulas

s F true [ helds alwsiys )

sEp Iff Iff p € L(s)

s F g iff s F¢

SE QNP iff sF ¢, and s F ¢,

s F dy Iff Az € Paths(s). n F y
s FVy Iff Vz &€ Paths(s).mkFy

and a relation between paths and path formulas (next slide)

TEy iff ...



Semantics of path formulas

And here is the formal semantics of path formulas

130, iff 211k ¢
« O—@—0~.—0—0—0— -

7k O iff 3ieN.zlilk ¢
rEO¢ iff VieN.zilk ¢

« @00~ @@ 0 -
kg Up, iff JieN.alilFp, AVO<j<i.aljlF ¢



Naive algorithms for state formulas
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Naive algorithms for path formulas

A XQL iff 7[1] E ¢ -
(.) MgMCM@a@L(ﬂ'}O?J = A mgﬁkiﬁfiiﬂfoi“(ihb’%];@)

T EQ iff 3i e N.z[i]E ¢
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CTL grammars recall

We can get rid of the "always” and “eventually” operators

¢ =true|p| Q| PV, | dy| Vy

v = O 1961 T 1U4,

yd

Alternatively, we can get rid of the universal quantifier

bu=true | p|~d | Vs | Iy | Yy
v =0 1 0#10¢ | 41U4,

The above g'rammar vields CTL formulas in so-called “existential
normal form” (we shall consider it when we will see the model-
checking algorithms)




Existential normal form (ECTL)

The grammar tor ECTL as we saw it in Lecture 02

¢ =true|p| ¢ |V, |y
Yo..= O¢| ¢ | pUg,

Equivalent grammar with just state formulas

¢ =true |p| =g |V, | IOw |30 | 3¢,Ug,

NOTE: we focus on this grammar to reduce the number of algorithms,
but dedicated algorithms for all CTL operators can be designed.



From CTL to ECTL

We can go from CTL to ECTL using these equivalences

VO¢ = =30 ~¢ L/C>\/
© O

V(¢1U¢2) = ;3((—|¢2)U(—I¢1/\—I¢2B AN :3 _l¢%/
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Semantics over a IS - recall

We say that a transition system satisfies a formula if all its initial
states satisty the formula:

TE iff Vsel.sk ¢

or, equivalently,

TE @ iff IC sat(¢) modelCheck(TS,phi) = {
return I € sat(phi);

We use the latter in our algorithm ;



Satisfaction sets - recall

We define the satisfaction set of a CTL state formula as the set of
states that satisfy the formula

sat(@) = {s | s F ¢}



Main algorithm

Now that we have our main algorithm

modelCheck (TS,phi) = {
return I € sat(phi);

}

All we need to do is to implement function sat(...)

sat(true) = ..

sat(not phi) = ..

sat (phil or phi2) = .
sat (EX phi) = ..

sat (EG phi) = ..

sat (E(phil U phi2) = ..



Recursion

We will see that sat (...) IS recursive

sat(true) = ..

sat(not phi) = S \ sat(phi)

sat (phil or phi2) = sat(phil) U sat(phi2)
sat (EX phi) = ..

sat (EG phi) = ..

sat (E(phil U phi2) = ..

Hence, invoking sat (phi) will recursively compute the
satisfaction sets for all sub-formulas of phi

You can think of satistfaction sets being computed bottom-up
on the parse tree of phi



Bottom-up computation

You can think of satisfaction sets being computed bottom-up
on the parse tree of the formula

sak (#. v 92) = eat (#1) v oot (¢ )
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Memoisation

We can apply memoisation to avoid recomputing twice the
same satisfaction sets.

This can happen in general, but especially in the
transformation from CTL to ECTL.:

V(P Upy) = (29U Ar)) A A=,

It Is also convenient when doing model checking, especially
by hand.

One way to do it: Once sat(phi) is computed,
1. create a new atomic proposition p_phi
2. label every state in sat(phi) with p_phi
3. replace every occurrence of phiby p
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Satisfaction sets characterisation of propositional fragment

sat(true) | = S sat(~ )| = S\sat(¢)

sat(p)| = {s €S| p € L(s)}




Satisfaction sets characterisation for EX

sat(A() )| = {s € S| Post(s) N sat(¢)) # B}




Satisfaction sets characterisation for EG and EU

Not so trivial, we will see them in detall in a while...
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Algorithms for basic cases
So far we have seen the following basic cases
sat(true) = S
sat(n¢) = S\sat(¢)
sat(p) = {s€S|pe L)}
sat(¢p V ¢,) = sat(p)) U sat(),)
sat(3()p) = {s € S| Post(s) Nsat(¢) # B}

These cases can be easily implemented with a suitable
representation of states and transitions, amenable for set
operations (complement, union, etc.)

NOTE: A popular approach is to use BDDs, which we are not
going to cover in this course.
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Let's start simply with EF

Before we see the algorithm of EU, let us first look at the simplest
case of EF

Remember: A3O¢p = true U ¢

You may also remember this expansion law:

304 = ¢ vIO IO



Expansion law for EF

The expansion law for EF

300 = ¢ v IO IOP

Provides a recursive definition definition of sat

sat(AOP) sat(p v 3O 3IOP)

sat(¢) U sat(3) 3O )

sat(¢) U {s € S | Post(s) N sat(A¢p) #+ @)



A fix point computation

From our recursive definition

sat(3QP) = sar(@p) U {s € S| Post(s) N sar( 3O ) # @}

We know that we look
for a set T such that

(1) T 2 sar(¢) <

V J (1) V4
(2) Post()NT# @D =>s€T < ('2;) V4

S S

't can be shown that sar(I )
s the spaHéé?se: T satisfying (1) and (2)
Loisest




A fix point computation

We can then just perform a standard least fix point calculation
T, := sat(¢p)
T, :=TyU {s € S\T, | Post(s)n T, # &}

T,:=T, U {s € S\T; | Post(s)n T, # &}




Algorithm for EF

Finally, the algorithm...

T := sat(¢); // the set of states to be returned as a result
W := sat(¢); // working set (states to be explored)
while W # @ do

remove some s from W;

foreach s’ € Pre(s) do

If s"& T then
T:=TuUs"
W:=Wus’

return 7;






Let us now extend what we saw to the
general case of the Until operator



Expansion law for EU

The expansion law for EU

Ap,Ud, = ¢, V (P AT A¢Ug,)

Provides a recursive definition definition of sat

sat(¢, V (9 A IO 3P, Udh,))
sat(¢y) U sat((py A3 FpUhy))

sat(¢hy) U (sat(¢y) N sat(3O 3¢, Udhy))
sat(¢,) U (sat(¢,) N {s € S | Post(s) N sar(Ip,Uep,) # B})

sat(¢p,) U {s € sat(¢,) | Post(s) N sat(Ip,Uep,) # B}

sat(d¢p,Ugp,)



A fix point computation

From our recursive definition

sat(d¢p,Ug,) = sat(¢h,) U {s € sat(¢h,) | Post(s) N sat(d¢p,Ug,) # &)

We know that we ook |
for a set T such that

(1) T 2 sat(¢,)

(2) s € sat(¢p)) and Post(s)NT # g impliess € T

It can be shown that sat(3¢,Ugp,)

IS the smallest set T satistying (1) and (2)



A fix point computation

We can then just perform a standard least fix point calculation

T, := sat(¢)
T, =Ty U {s € sat(¢p))\T, | Post(s) N T, # @}

T, =T, U {s € sat(¢p)\T; | Post(s) N T # @}




Algorithm for EU

Finally, the algorithm...

T := sat(¢);

W .= sat(®);

while W # @ do
remove some s from W;
foreach s’ € Pre(s) do

If s"¢ T and s’ € sat(¢,) then
T:=TuUs"

W:=Wus’
return 7;



An example

(b v )
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Perhaps unsurprisingly we can tell a similar story for EG



Expansion law for EG

The expansion law for EG

I0¢=¢A30OI0P

Provides a recursive definition definition of sat

sat(d[] @)

sat(p A A P)

sat(¢p) Nsar(A(C) IO ¢p)
sat(p) N {s € S| Post(s) N sar(3[ | phi) # @}

{s € sat(¢) | Post(s) N sar(d[ ]| phi) # &}




A fix point computation

From our recursive definition

sat(d[ 1) = {s € sat(@) | Post(s) Nsat(A[ ) # @M}

We know that we look
for a set T such that

(1) T Csat(p) < /

(2) s € Timplies Post(s)NT # & é—-—//

It can be shown that saf(3[]¢)

s the largest set T satistying (1) and (2)



A fix point computation

We can then just perform a standard greatest fix point calculation

T, =T\{se€T,| Post(s)NnT, = @}
T, :=T\{s €T, | Post(s)n T, = &}

T, := sat(¢p)




Finally, the algorithm...

T := sat(¢); // the set of states to be returned as a result
W .= S\sat(¢); // working set (states to be explored)
while W # @ do

remove some s from W;

foreach s’ € Pre(s) do

If "€ T and Post(s’) N T = @ then
T :=T\s"

W:=Wus’
return 7;



An example
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Overall sat (...) algorithm

We have now completed all cases of our algorithm:

sat(true) = ..

sat (not phi) = ..

sat (phil or phi2) = ..
sat (EX phi)
sat (EG phi)
sat(E(phil U phi2) = ..

The overall complexity is linear in the size of the transition
system and the formula
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Key points so far

Global model checking algorithm, recursive on state sub-
formulas (i.e. bottom-up on the parse tree).

Satisfaction set characterisations of CTL formulas in existential
normal form.

Dedicated algorithms for CTL formulas in existential normal form,
which exploit the satisfaction set characterisations.

The complexity of CTL model checking is polynomial in the size
of the transition system and the CTL formula.



